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Abstract. We study the size of the set of ergodic directions for the directional 
billiard flows on the infinite band R X [0, h] with periodically placed linear 
barriers of length < A < h. We prove that the set of ergodic directions 
is always uncountable. Moreover, if X/h £ (0,1) is rational the Hausdorff 
dimension of the set of ergodic directions is greater than 1/2. In both cases 
(rational and irrational) we construct explicitly some sets of ergodic directions. 



1. Introduction 

In this paper we consider the following infinite periodic billiard, whose ergodic 
properties have been object of recent investigation (see e. g. [TJ[3l[9]). Let T(h, a, A) 
be the billiard table (shown in Figure [T]) given by an infinite band Ex [0, h] with 
periodically placed linear barriers of length < A < h handling from the lower side 
of the band perpendicularly, that is: 

T(h, a, A) = (R x [0, h]) \ (aZ x [0, A]), 

A billiard trajectory is the trajectory of a point-mass which moves freely inside 
the table on segments of straight lines and undergoes elastic collisions (angle of 
incidence equals to the angle of reflection) when it hits the boundary of the table. 
The billiard flow (yt)teK is defined on the subset of the phase space T(h, a, A) x 5 1 



h 



a 



X 



FIGURE 1. Billiard flow on T(h,a, A). 



that consists of the points (x,8) € T(h,a,X) x S 1 such that if x belongs to the 
boundary of T(h,a,\) then 9 is an inward direction. For t G K and (x, ff) in the 
domain of (vt)tGMj ft maps (x, 9) to ft(x, 9) — (xt, 9t), where xt is the point reached 
after time t by flowing at unit speed along the billiard trajectory starting at x in 
direction 9 and 9t is the tangent direction to the trajectory at xt- A similar billiard 
in a semi-infinite band was studied in [1] in the context of perfect retroreflectors. 
For a survey on billiards in finite and infinite polygons we refer the reader to [SJ [5] . 

Denote by T the 4-element group of isometries of S 1 generated by the reflections 
9 h-> 9, 9 H» —0. For every direction 9 6 S 1 the billiard flow on T(h, a, A) has 
the invariant subset T(h,a,X) x (TO) in the phase space. The billiard flow ((pf ) tg K 
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restricted to this set preserves the product of the Lebesgue measure on T(h, a, X) 
and the counting measure on the orbit T9. 
In [5] we proved the following result: 

Theorem ([5]). If X/h is rational or belongs to a set A C (0,1) of full Lebesgue 
measure then for almost every direction 9 the billiard flow (iff)tes. on T(h,a,X) is 
not ergodic. 

It is hence natural to ask whether there are exceptional ergodic directions. Hu- 
bert and Weiss proved in [9] that if X/h is rational then the set of ergodic directions 
contains a dense Gg set. The aim of this paper is to prove the existence of ergodic 
directions for all irrational values of the relative slit length X/h. In addition, we 
also study the size of this exceptional set of ergodic directions in the rational case. 
More precisely, in Section 0] we prove that the set of ergodic directions is uncount- 
able when X/h is irrational (see Theorem 14. ip and for rational X/h we prove that 
its Hausdorff dimension is greater than 1/2, (see Theorem I5.1[) . 

In both cases (rational and irrational) we give an explicit construction of ergodic 
directions by specifying their continued fraction expansions. The proofs use an 
ergodicity criterion from [5] (Theorem 12. ip based on an approximation of 9 by 
directions with infinite strips. The main idea is to study the action of <SX(2,Z) on 
homology and to cleverly exploit the symmetries of the system to construct infinite 
strips. 

Combining our results from Section [S] with the approach introduced recently by 
Hooper in [7] one might be able to describe all invariant ergodic Radon measures 
for (^j)igH whenever X/h is rational and 9 belongs to a set of positive Hausdorff 
dimension. 

2. Background material 

2.1. Directional flows on translation surfaces and Z-covers. The study of 
directional billiard flows on any rational polygon (not necessary compact) can be 
reduced via an unfolding procedure (introduced by Katok and Zemlyakov in |10| ) 
to the study of directional flows on a translation surface. The translation surface 
corresponding to the table T(h, a, X) will be described in Section l2~2l In this section 
we briefly recall some basic definitions related to the notion of translation surface. 

Let M be an oriented surface (not necessarily compact). A translation surface 
(M,oj) is a complex structure on M together with an nonzero Abelian differential 
to, that is a non-zero holomorphic 1-form. Let £ = E w C M be the set of zeros of 
uj. For every 9 £ S 1 = R/27rZ denote by Xq = Xg the directional vector field in 
direction on M \ E, defined by ix e w = Then the corresponding directional 
flow (0|){ g R = (<j>t' ) tg R (also known as translation flow) on M \ 53 preserves the 
area form v u — |w AuJ = 5R(cj) A $s(oj). We will denote by A(u) := i/ u (M) the area 
of the surface. 

Let (M, uj) be a compact connected translation surface. Denote by ( • , • ) : 
Hi (M, Z) x Hi [M, Z) — > Z the algebraic intersection form. 

Recall that a Z-cover of M is a surface M with a free totally discontinuous action 
of the group Z such that the quotient manifold M/Z is homeomorphic to M. The 
map p : M — >• M obtained by composition of the projection M — > M/Z and the 
homeomorphism M/Z — > M is called a covering map. Denote by ui the pullback 
of the form uj by the map p. Then (M, uj) is a translation surface as well. The 
translation flow on (M,w) in direction 9 will be denoted by (</>j) f6 R. 

All Z-covers of M (up to isomorphism) are in one-to-one correspondence with 
homology classes in H\(M,Z). The Z-cover M 1 determined by 7 6 Hi(M,Z), 
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under this correspondence, has the following properties. If a is a close curve in M 
and [a] G H\(M, Z), then a lifts to a path a : [to,ii] — > M 7 such that o(t\) — 
n ■ cr(to), where n := (7, [a]) G Z and • denotes the action of Z on (M 7 , w 7 ) by deck 
transformations. 

Denote by hoi : H\(M, Z) — > C the holonomy map, i.e. hol(7) = J ui for every 
7 G Hi(M, Z). As shown by Hooper and Weiss (see Proposition 15 in [8]), hol(7) = 
if and only if for every 6 G S* 1 such that (</>() tS R is ergodic, the flow (</>j)teK on 
the Z-cover (M 7 ,w 7 ) is recurrent. For this reason, following [8], if 7 G Hi(M,Z) 
has hol(7) = we say that the Z-cover (M 7 ,w 7 ) of the translation surface (M,w) 
given by 7 is recurrent. 

2.2. From billiard flows to translation flows on translation surfaces. Fix 

parameters (h, a, A) and a direction 9 G . One can verify, using the unfold- 
ing process first described in [TU], that the flow (y>j)t e K on the table T(h,a,X) is 
isomorphic to the directional flow (4>f) t £R on a non-compact translation surface 
(M,ui) which is obtained gluing four copies of T(h, a, A) along the segments of the 
same name, as shown in Figure[5] Moreover, the surface (M, ui) can be represented 
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Figure 2. Four copies of T(h, a, A) 



as gluing two Z-periodic polygons (obtained by gluing pairs of copies of T(h, a, A) 
along b and b') as shown in the Figure [3] (here R n = r n U r' n and L n = l n U l' n ). 
Next, let us cut these polygons into rectangles P n , P' n along the segments U n , 




FIGURE 3. The translation surface (M,ui) 



U' n , n G Z (see the Figure @|. It follows that (M, uj) is a Z-cover of the compact 
translation surface (M, uj) G presented in the Figure |U More precisely, 

(M,uj) = (M 7o ,w 7o ), where 70 = [U — U'] and hol(7o) = 0. Consequently, the 
directional billiard flow ((pf )ten is isomorphic to the translation flow (tfif )ten on the 
recurrent Z-cover (M 7o , w 7o ) . 
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Figure 4. The compact surface (Af, w) 



2.3. Moduli space and Teichmiiller flow. Let M be a compact connected ori- 
ented surface of genus g and let E C A/ be a finite set with cardinality s G N. 
Denote by Diff + (M, E) the group of orientation-preserving homeomorphisms of Af 
preserving E. Denote by Diff J(M, E) the sub group of elements Diff + (Af, E) which 
are isotopic to the identity. Let us denote by T(M, E) := Diff + (A7, E)/ Diffp (M, E) 
the mapping-class group. 

Let k = (ki, . . . , k s ) be a family of natural numbers such that 2g — 2 = X)i=i K «- 
The stratum Ai(n) = M.(M, E,k) of the moduli space of Abelian differentials is 
the space of orbits of the natural action of Diff + (Af, E) on the space of all Abelian 
differentials on M with s zeros at E of degrees k±, . . . , n s . The stratum Q(M, E, k) 
of the Teichmiiller space of Abelian differentials is the space of orbits of the natural 
action of Diff J(Af, E) on the space of all Abelian differentials on M with s zeros at 
E of degrees k u . . . , k s . Thus M(M, E, k) = Q(M, E, «;)/r(M, E). 

The group GL(2,R) acts naturally on Q(M, E, k) and 7W(Af, E, k), by post- 
composition with the charts defined by local primitives of the holomorphic 1-form. 
The Abelian differential obtained acting by g £ GL(2,R) on lu will be denoted by 
g ■ lu. The Teichmiiller flow (Gt)tem is the restriction of this action to the diagonal 
subgroup (diag(e*, e- { )) teH of GL(2, R) on Q(M, E, k) and M(M, E, k). 

2.4. Ergodicity for Z-periodic surfaces. In this section we formulate a result 
from [S] which provides an effective method to prove the ergodicity of translation 
flows on recurrent Z-covers of compact translation surfaces and will be exploited to 
prove our main results. 

Let (Af, ui) be a compact connected translation surface. Let (M 7 ,u; 7 ) be one of 
its recurrent Z-covers. Suppose that C C M is a cylinder. Let 5(C) € Hi(M, Z) be 
the homology class of any core curve of the cylinder C. We will use the following 
notation (introduced in [3]): 

k(C) := (6(C), 7) € Z, v(C) := hol(5(C)) 6 M 2 , A(C) > is the area of C. 

Note that if k(C) ^ then the lift C 7 C Af 7 of C to the Z-cover Af 7 is an infinite 
strip. 

Definition 1 (see [S])- A direction 9 6 5* 1 is w?e/Z approximated by strips of the 
surface (Af 7 ,w 7 ) if there exist e, c > 0, kg G Z \ {0} and infinitely many strips 
C C Af 7 for which 

(1) k(C)=k e , A(C)>c and I (cos 9, sin 0)Av(C)\<(l- e) f^. „ . 

2||«(<7)|| 

The following result follows directly from the proof of Theorem 1 in [9J (more 
precisely from Claim 12). 

Theorem 2.1. Suppose that 9 ^ S 1 is an ergodic direction for the translation flow 
on (M,uj). If 9 6 S* 1 is we// approximated by strips of the surface (M 7 ,w 7 ) w»£/i 
fee = ±1 then the flow ((f)f ) t £R on (Af 7 ,tJ 7 ) is ergodic. 
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In order to prove ergodicity of the translation flow, which is required to apply 
the above Theorem, the following result from know as Masur's criterion, will 
be helpful. 

Theorem 2.2 (Masur's criterion |11J). Let (M, uj) £ A4(k) be a compact translation 
surface. Let g £ SL(2,M) be an element that maps the direction 8 to the vertical 
direction. Suppose that there exists a bounded subset B C M.(k) and a sequence 
t n — > +oo such that Gt n (g ■ {M,uj)) £ B for all n £ N. Then the directional flow 
(</>j) 46 R on (M, w) is uniquely ergodic. 

3. Construction of ergodic directions 

In this section we describe a procedure to construct strips on the translation 
surface (M 7o , uj 1o ) (see the end of Section 12. 2\ which will allow us to apply The- 
orem O We will study the behavior of the 51,(2, Z) orbit of 70 £ Hi(M,Z) for 
the SL(2, Z)-action induced on Hi(M, Z). For simplicity, we always assume that 
a = 1 = 2h, then A = \L\/2 = \R\/2 £ (0, 1/2). 

Let Tq denote the set 

Tg := [-1/2, 1/2) x [-1/2, 1/2) \ {(0, 0), (-1/2, -1/2), (-1/2, 0), (0, -1/2)}. 

For z £ Tq, let M(z) £ -M(l, 1) be the translation surface drawn in Figure [5j We 
will distinguish between the singular points (• and ■ in Figure and z = (x, y) 
will denote the position of the singular point ■ while — z will be the position of 
the singular point •. Let Jzf C 7W(1,1) be the locus containing all the surfaces 
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M(x,y) 
Figure 5. 



M(z), z £ Tq. Notice that the group Aut(M(z)) of automorphisms of the transla- 
tion surface fixing singular points consists of the identity map id and of the map 
r : M(z) — > M(z) which exchanges the two squares (tori) in M(z) by translations. 

For every M(z) £ S£ let us fix the basis (called a standard basis) {a, f3} of the 
subgroup 

H[ 0) (M(z),Z) = {7 £ H x {M{z),Z) : r* 7 = -7} 
as in Figure[51 Then (M,ui) = M(0, A) £ «5f and 70 = /3. Notice that the locus «5f 
is GL(2, Z)-invariant. 

The group GL(2,M) acts naturally on M. 2 by matrix multiplication. We will 
denote the image of z = (x,y) £ M 2 under g £ GL(2,R) by g(x,y) or gz. This 
action induces also a natural action GL(2, Z) C GL(2,M) on the torus Tq. We will 
also denote by gz £ T§ the image of z £ Tq by the automorphism of T§ induced by 
g. One can show that for every g £ GL{2. Z): 

(2) g ■ M (z) is identified with M {gz) in M(l, 1). 

In order to verify ([2]), it suffices to check it on generators of GL(2,Z) and this is 
obtained as a byproduct of the proof of Lemma [3.31 Since Aut(M(z)) = {id,r}, 
there exist exactly two affine maps ( 9 , to( 9 • M(z) — >■ g-M (z) whose derivatives are 
equal tog. Thus, if we denote by (* : h[°\m(z),Z) — > h[ \m(z'),Ij) the action on 
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homology induced by a diffeomorphism £ : M(z) ~ » M(z'), we have (ro( 9 ), = — . 
Therefore, the induced homology action : ifj ' (M(z), Z) — > H±(g ■ M(z),Z) 

is well defined up to ±, i.e. g*(z) — ±C* • Representing this action in standard basis 
we obtain a matrix, denoted by g*(z), which is an element of PGL(2,Z). Finally 
note that for all .91, .92 £ GL(2, Z) we have 

(3) (ffi • 52)*( z ) = (ffi)*(ff220 • (52)*( z )- 

3.1. Construction of strips and an ergodicity criterion. We now present 
the procedure of construction of infinite family of infinite strips required by Theo- 
rem o 

For any z — (x,y) £ T§ let us consider the cylinder 

C z = [-1/2, 1/2) x([y, 1/2) U [-1/2,-y]) in M(z), 

which is shaded in Figure [5] The holonomy vector of the core S(C Z ) of C z is 
v{C z ) = (1, 0) and A{C Z ) = l-2y, moreover (5(C Z ), (3) = 1. 

For any g £ SL(2, Z) let z g = (x g ,y g ) := g- x {z) £ and ( 9 : M(z g ) -> M(z) be 
an affine transformation whose derivative is g £ ST(2,Z). Then C g := ( 9 (C Z ) C 
M(z) is a cylinder such that 8{C g ) = (i(6(C Zg )) £ Hi (M, Z) and 

<C g ) =v(a(6(C Zg ))) =ho\(Q(5(C Zg ))) =D(v hoi (6(C Zg )) = 3 (1,0), 

Hc g ) = (a(5(c Zg )),f3) = (sic^^ar 1 ?), 

A(C g ) = A(C 9 (C Zg )) = A(C Zg ) = 1 - 2y g . 
Suppose additionally that g*(z g )[3 = f3. Then C*/? = hence 
k(C g ) = (8{C Zg ),{Q)- l p) = ±(i(C,,),« = ±1. 

In summary, the above procedure allows to construct strips on M(z)o satisfying 
([T]) whenever 

(4) g.(g-H*))P = P- 

Combining this with Theorem 12.21 (Masur's criterion) and Theorem 12.11 (Hubert- 
Weiss criterion) yields the following criterion for the ergodicity of directional flows 

on the surface M(z)g. 

Theorem 3.1. Suppose that zq £ Tq, a = [0; ai, 02, 03, . . .], < a < b < 1/2 and 

there exists an increasing sequence of even numbers (fc„)„>i such that 

(5) ■ ■ ■ (h-)«*)- l M(zo) = M(z n ), {(h+)^ ■ ■ ■ (h-) a ^);\z ) 13 = 13, 
and setting (x n ,y n ) = z n we have 

2 



o, <y n <b and afc„+i > 



l-2y n 



Then the directional flow in direction (l,a) on the TL-cover M(zo)g given by (3 is 
ergodic. 

Proof. First we will show that the directional flow in direction (1, a) on the surface 
M(zq) is ergodic. Let (p n / 'q n )n>o stand for the sequence of convergents of the 
continued fraction of a. Then 

(h + r---(h-) a ^ = (l kn I**- 1 ) 

\Pk n Pkn-lJ 

Setting 

a —1 
1/q 
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it is clear that a maps the direction of the vector (l,a) to the vertical direction. 
We will prove that the sequence 

( G log 9fc „ • Cr ' M <>0)) n > 1 

is bounded in the moduli space. Indeed, by assumption, 

G logg fc7l ' G ■ M (z ) = <7n ■ M(Zn), 

where 

a n : = diag(g fc „, l/q kn ) ■ a ■ (h+) a > ■ ■ ■ (h-) a ^ 

_ flkn \ f a flkn <?fc„-l\ 

^ l/q k J \0 1/aJ [p kn p kn -ij 

_ ( % n (ik n oi - Pk n ) qk n (qk n -iot -pk n -i)\ 

V Pk n /{aqk n ) Pk„-i /("<?*„ ) )' 

Moreover, 

\qkn(Qk n a -Pk n )\ < \qk n {qk n -\a - Pk n -i)\ < i 

and, since k n is by construction even, so that pk n /qk n < a > we nave 

aq kn aq kn 

Therefore, all a n belong to the subset Go C SL(2, R) of matrices whose coefficients 
belong to [—1, 1]. Of course, the set Go is compact. Let us consider the set 

B Q := {M(x,y) £ Sg :y£ [a,b]}, 

which is compact in the moduli space M(l, 1). Thus Gq-Bq C 1) is a compact 

subset in the moduli space M(l, 1) as well. Since a n ■ M(z n ) G Go • Bo for every 
natural n. in view of Theorem 12.21 the directional flow in direction (l,a) on the 
surface M{zq) is ergodic. 

In the rest of the proof, Theorem 12.11 combined with the construction described 
before Theorem 13 . 1 1 will give the ergodicity of directional flow in direction (1, a) on 

the Z-cover M(zo)a. 

Recall that for any z = (x,y) £ Tq we denote by C z the cylinder [—1/2, 1/2) x 
{[y, 1/2) U [-1/2, -y}) C M(z). The holonomy vector of the core 5{C Z ) of C z is 
v{C z ) = (1,0), Area(G,) =l-2y and (5(C z ),/3) = 1. 

By assumption, for every n > 1 there exists an affine transformation 

C„ : M(z n ) -> M{z ) 

whose derivative L>Cn is (h+) ai ■ ■ ■ (h-) ak ™ = ^""^ and (C„)»/3 = /3. Let 

us consider the cylinder C n := Cn(C Zn ) C M(zo) f° r which the homology class of 
the core is 5(C n ) = (Cn)*(S(C z J). Then 

k(C n ) = (6{C n ),p) = ((Cn)*(6(C Zn )),((n)*m = (S(C Zn ),P) = 1, 
v(C n ) = (£>C»)«(C,J = (X>Cn)(l,0) = (q kn ,Pk n ), 
A(C n )=A(C Zn ) = l-2y n . 

Therefore each cylinder G„ C M(zq) is lifted to an infinite strip G„ C Af(zo) (3 . Us- 
ing this sequence of strips we can show that the direction (1, a) is well approximated 
by strips. Indeed, 

|(1, a) Av(C n )\ _ |(1, a) A (q kn , Pk n )\ _ |gfc„<*-PfcJ 1 1 

IIMII " ||(l,o)|| " ||(l,a)|| < ||(l,a)||a fcB+1?fcl . 
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and 



Therefore, 



A(C n ) 1 - 2y n 

2\\v(C n )\\ ~ 2q k J(l,a)W 

|(l,a)A«(C n )| < 1 A(C n ) 



||(l,a)|| " 22|KC n )|| 
whenever &/c„+i > 2/(1 — 2y n ). 

The ergodicity of the directional flow in direction (I, a) on the surface M(zo)p 
hence follows directly from Theorem 12.11 □ 

3.2. SL + (2, Z)-action induced on homologies. Denote by SX + (2,Z) the semi- 
group of non-negative matrices in SL(2,M). In this section we establishes some 
principal rules of the SL + (2, Z)-action induced on homologies. These rules will help 
us to find elements g G SX + (2,Z) satisfying Q, first for irrational A in Section @] 
and then for rational A in Section [SJ 
Set 



s o lj ' ' ^i iy ' oj ' \i o, 

Then 5L+(2, Z) is generated by and h~ and one can check that: 
^ ft- • (/J+)- 1 -ft- = or 1 , h+ ■ (h-y 1 -h+ = oj. 

Let us consider two involutions —id and $ in GL(2, Z). They generate two involu- 
tions (denoted also by —id and $) acting on the locus Jz? . Geometrically, 

• — ic? rotates the squares of M(z) by angle 7T, therefore its induced action 
on h[°\m,Z) maps a to —a and /3 to — /3 except when z belongs to the 
boundary of T^; 

• d reflects the squares of M(z) across their diagonal, therefore its action on 
h[°\m,Z) exchanges the basis elements a and 8. 

These two involutions (symmetries) will help us to describe the action of SL + (2, Z) 
on the homology level. For this purpose, we will use the following two lemmas. 

Lemma 3.2. Set E := {(x,y) G Tq : x,y > —1/2}. For every z G Tq we have 

(7) i?*(z)=0 and (— id)*(z) = id whenever z^E. 
Suppose that g ■ M(z) = M(z') for some g G SX(2,Z). Then 

(8) (d -g -iT 1 ) • M{dz) = M(tfz') and (i9 • g ■ i?" 1 )*^) = ?9 • g*(z) ■ 
// additionally z, z' <E E then 

(9) 3 • M(-js) = M(-z') and g*(-z) = g*(z). 

Proof. The first claim follows from the observations formulated before the 
lemma. The equality (i) ■ g ■ d^ 1 ) ■ M(dz) — M(dz') follows directly from the 
fact that z' = gz and ^ . In view of §3§ , 

(0 ■ g ■ tf- 1 )^) = d,(gz) ■ g*(z) ■ #-\#z). 

Since tf -1 = <&, from Q we obtain ©. 

The equality g ■ M((—id)z) — M((—id)z') also follows directly from © and the 
fact that —id and g commute. Moreover, in view of §3§ and applied to z, z' G 2?, 

= (-id)*(z') ■ g*(z) = ((-id) ■ g)*(z) = (g ■ (-id))*(z) 

= 9*(-z) ■ (-id)„(z) = g*(-z). 

□ 
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FIGURE 6. The action of h + on M(z) if z G S 
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FIGURE 7. The action of h + on M{z) if z £ S 
Lemma 3.3. Set S := {{x,y) G Tg : -1/2 < x + y < 1/2}. For 


every z G Tq 



j/ zeS, 



Proof. In Figures [5] and [7] we present the surface /i + ■ M(z) for z G S and z ^ S 
respectively and using cutting and pasting we show how to represent h + ■ M(z) as 
M{h + z). The cut and paste in Figure[|)]is straightforward. Let us explain Figure[JJ 
after the linear action of h + and a first cut and paste, we consider the shaded areas 
labeled by A,A',B and B 1 in Figure [71 Recalling the gluings between slits, one can 
verify that A and A' can be exchanged and similarly B and B' . The surface that 
we obtain after this operation is one of the canonical representatives of the locus 
J?f, more precisely it is M(z'), where z 1 = h + z. 
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Let us denote by £ = ( h : M(z) — > M (h + z) the affine map obtained combining 
the linear action of h + with the cut and paste operations. By construction, we have 
D( h = h + . In order to describe its induced action Q on homology, in Figures [6] 
and [7] we draw the images of the homology classes of a, (3 under Q h . By changing 
representatives as shown in Figures [5] and one can verify that: 

Cf (a) = a, Cf (/?) = a + f3 if z g S, C*V) = a, Cf (/?) = P - a ii z <£ S. 

Therefore, + )*(z) = h+ if z g S and (/i+)*(z) = if 2 £ S. 

In view of © and ([5]), for any z g Tg 

= (0 ■ h+ ■ tf- v )*(z) = d ■ (h+)^- 1 z) • i?- 1 . 

Since S is symmetric with respect to the involution i?, z g 5 if and only if $ _1 z = 
tfz 6S. By © and ©, it follows that (h~)*(z) = /i"if«€S and = 
(ft - ) -1 if z i S. □ 

In view of Lemma 13.31 for every z G Tg and n G Z there exists m„ (z) g Z such 
that 

((^-"(z))- 1 = (/ l ± ):(^ ± )-"z) = (/ l ± ) m ^ z ). 

Lemma 3.4. If z — (x, y) G Tg with irrational x and y then 

(i) ni^(z) — » +oo as n — > +oo; 

(ii) i/ie sequences (m^(z)) >1 iafce aZZ natural values. 

Proof. We will give the proof for the matrix Zi + . The case of the matrix hr is 
similar. By Lemma 13.31 for every z' G Tg we have 

(h+Uz>) = (h+) 21 ^-\ 

where I5 is the indicator function of the subset S. In view of (J3J), it follows that 

(h + )?((h + )- n z) =h+((h+)- 1 z) ■h+((h+)- 2 z)---h+((h + )- n+1 z) -h+((h + )- n z) 

Therefore 

n n 

m+(z) = J> l s (x - jy, y)-l) = £)(2 l s „ (a; - jy) - 1), 

j=i j'=i 

where := {V e T : (a:',y) G S 1 } (T := [-1/2,1/2)). Since S y is an interval of 
length 1 — \y\, the mean value of the function 2 I5 ( ■ ) — 1 is 1 — 2\y\ > and, by 
unique ergodicity of the rotation by y on T, we have 

1 n 

- V(21 Sh (x- jy) - 1) -> 1 - 2|p| > as n -> +00. 

3=1 

It follows that 

n 

m t( z ) =^2( 21 S y (x-jy) - 1) -4 +00 as n->+oo. 

J=l 

Since TOg~(z) = and m^ +1 (z) = m+(z) ± 1, the condition (i) implies (ii). □ 
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4. Irrational A 

The aim of this section is to give the proof of the following result on the existence 
of ergodic directions on M(0, X)g whenever A G (0, 1/2) is irrational. 

Theorem 4.1. For every irrational A € (0, 1/2) the set of ergodic directions on the 
surface M(0, X) g is uncountable. 

This result follows from Theorem 13 . 1 1 and the following auxiliary lemma. 

Lemma 4.2. Let A G (0,1/2) be an irrational number and let J C (0,1/2) be a 
closed interval. Suppose that z = (x,y) — g _1 (0,A) for some g G SX+(2,Z) so 
that y > 0. Then there exist natural numbers a, b, c, d such that if z' = (x',y') = 

(h a ,b,c,d) (x,y) with 

h a .b,c,d = (/* + ) Q • h~ ■ h+ ■ (h-) b -h+-h- ■ (h+r ■ (h~) d 

then 

y' G J and (h a ^ c , d ) ^(z') (3 = (3. 
Moreover, the number a can be chosen arbitrary large. 

Remark 4.3. Note that the irrationality of A implies the irrationality of y. If addi- 
tionally the matrix g has positive entries then x is also irrational. 

Proof of Lemma \4-.S\ Since y is irrational (see the previous Remark), each orbit of 
the rotation T 9 t h- >■ t — y G T is dense in T = [—1/2, 1/2), so there exists a natural 
number a such that x — ay — — 1/2 + e± mod 1 in T, where 

< ei < -min(j/,l/2-y). 

In addition, by Lemma 13.41 one can assume that the number a is arbitrarily large 
and a' := mj(z) is positive. Then 

Z\ = (21,2/1) := (h + Y a (x,y) = (x - ay mod 1, ymod 1) = (—1/2 + Si, 

and 

(10) (/*+);(*!) = (&+)•'. 

Let 

Z2 = (22,2/2) ■= (h^y 1 (xi,yi) = (21 mod l,yi -simodl) 

= (_l/2 + ei> y-l/2-ei). 
Since y < 1/2, we have 2:2 + 2/2 = y — 1 < —1/2, so that 22 ^ 5. Let 
23 = (23,2/3) := (/i + ) _1 (22,2/2) = (22 - 2/2 mod 1,2/2 modi) 

= (2£i-2/,2/-l/2-£i). 

Since < e < 1/2, we have 23+2/3 = £1 — 1/2 G (—1/2, 0), so that Z3 G S. Moreover, 
as 2ei < y, we have x$ — 1e\ — y < 0. Since £3 is irrational (see Remark 14.31 for 
the matrix g ■ (h + ) a ■ h~ ■ h + with has positive entries), by Lemma l3.4[ there exists 
a natural number b such that b' :— rri^(zs) > a' and 2/3 — 6x3 = 1/2 — ^2 mod 1 in 
T, where 

< £2 < i min (|a;3|,l/2 - |x 3 |) = imin (y - 2e x , 1/2 - y + 2ei). 
Therefore 

z 4 = (24,2/4) := {h~)~ b (23,2/3) = (23 mod 1,2/3 - 623 modi) = (2ei - 2/, 1/2 - e 2 ) 
and 

(11) (h-t( Zi ) = (h-) b '. 
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Let 

Z5 = (x 5 ,y 5 ) := (h + y 1 (x 4: ,y4) = {xa - 2/4 modi, y 4 modi) 

= (2ei + l/2 + Ea-v,l/2-Ea). 

Since y < 1/2 and e\ > 0, we have X5 + 2/5 = 2ei + 1 — y > 1/2, so that z$ ^ 5. Let 

^6 = (x6,ye) ■= (h~y 1 (x 5 ,y 5 ) = (x 5 mod 1, y 5 - £5 modi) 

= (2ei + 1/2 + e 2 - y, -2(e 2 + ei) + y). 

Since < £2 < 1/2, we have £ 6 + y 6 = 1/2 — £26 (0, 1/2), so that z 6 G S". Since j/6 
is irrational (see Remark l4.3p . by Lemma l3.41 there exists a natural number c such 
that d := m^^) = b' — a' . Setting 

z 7 = (x 7 ,y 7 ) := (/i + )~ c (ir 6 ,y 6 ) 

we have 

(12) (h+K( Z7 ) = (h+y'. 

Since X7 is irrational (see Remark 14.311 . there exists a natural number d such that 
y 7 — dx 7 mod 1 G J. Let d' := m d (z 7 ). Setting 

z ' = y') ■= {h~)~ d {x 7 , y 7 ) = (x 7 , y 7 - dx 7 mod 1), 
we obtain y' G J and 

(13) (h-W) = (h-f. 
Next note that 

= (h + )*( Zl ) ■ K(z 2 ) ■ ht(z 3 ) ■ (h-)l(z4) ■ K(z 5 ) ■ K(z 6 ) ■ (h+)%(z 7 ) ■ (h-)i(z'). 
Since 2:3, z§ G S and 22,25 ^ S, by Lemma 13.31 

(h+)*(z 3 ) = h+, (h-uz 6 ) = h-, (h-)4z 2 ) = (h-)-\ (h+uz 5 ) = (h + r i . 

If we combine this with (fTU)) - (fT3")) . we obtain 

(K Ac , d )^z') = (h+f . (h-y 1 . h+ . (h-f . (h+r 1 . h- . (h+f . (h-f. 

In view of it follows that 

(K Ac ,d)*(z') = (h+f- 1 ■ lo ■ (hrf- 1 ■ Lo- 1 ■ (h+f ■ (h-f 

= (h+f- 1 ■ (h+y b ' +1 ■ (h+f ■ (h-f = (h-f . 

Consequently, (h a ,b, c ,d) „ {%') P = P- □ 

Proof of Theorem \4-l\ Let J = [1/6,1/3]. Using Lemma [4.21 we can construct a 
sequence (z n ) n >o in Tg such that zq = (0, A) and for every n > 1 there exist natural 
numbers a n , b n ,c n ,d n with a n > 6 such that 

( 14 ) z n = (ha n ,b n: c n: d n y lz n-l and (ha n ,b n ,c n ,d„)*(Zn) P = P 

and z n = (x n ,y n ) G (-1/2, 1/2) x (1/6, 1/3). 
Let us consider the irrational number 

a= [0;ai, 1,1, 61, 1, l,ci,di,o 2 , 1, 1,62, 1, 1, c 2 , d 2 , . . .]. 

We will show that the directional flow along the vector (1, a) on M(0, A)^ is ergodic. 
In view of the proof of Lemma 14.21 we have a freedom of choice of d n for fixed 
a n , 6„, c„. It follows that the set of ergodic directions is uncountable. 
Let a = [0; ei, 62, . . .]. In view of (| 14(1 . we have 

((h+p ■ ■ ■ (h-y^yhi^x) = m(z„), ((h+r ■ ■ ■ (h-ys->);\o, x)p = p. 
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Moreover, 

2 

y n £ [1/6, 1/3] and e Sn+1 = a n+1 > 6 > — . 

1 - 2y n 

Finally Theorem 13 . 1 1 applied to the sequence (k n )n>i> k n = 8n yields the ergodicity 
of the directional flow along the vector (1, a). □ 

5. Rational A 

The aim of this section is to describe more precisely a subset of ergodic directions 
on M(0, X)g whenever A £ (0,1/2) is rational. Such precise description will help 
us to show that the Hausdorff dimension of the set of ergodic directions is greater 
than 1/2. 



Notation. For every A = p/2q with < p < q relatively prime natural numbers set 
(15) B(X) 



(3q — 1, 1, l,4g— 1, 1, 1, q) ifpisodd 
(2g + a,p — l,p + l,2q + 2a, p — l,p + 1, a) if p is even, 

where a is the unique natural number satisfying < a < q and ap — — 1 mod q. 

Theorem 5.1. Suppose that A = p/2q £ (0,1/2) with p,q £ Z relatively prime. 
For every sequence of natural numbers (?T.fc)fcLi */ 

a = [0; B(X), m,B(\), n 2 , . . . , B(X),n k , . . .] 

then the directional flow along the vector (1, a) on the Z-cover M(0, X)g given by j3 
is ergodic. Moreover, the Hausdorff dimension of the set of such ergodic directions 
is greater than 1/2. 

The proof of the first part of Theorem 15.11 is rather technical and is postponed 
until the end of the section, where its more general version Themorem 15 .61 is proved. 
The proof is based on two technical Lemmas 15. 31 and 15. 51 in which we find explicitly 

some elements of the Veech group of the translation surface M(z)a when both 
coordinates of z are rational. 

The estimate from below of the Hausdorff dimension in Theorem 15.11 follows 
immediately form the following result, whose proof is fairly standard, but is included 
for the convenience of the reader. 

Proposition 5.2. For any a £ N m (m > 0) a set B = bN + c C N (b,c are integer 
with b > and c > 0) the Hausdorff dimension of the set 

£(a) — |[0; a, m, a, n^, a, n%, . . .] : £ B for i > 1 j 

is greater than 1/2. 

Proof. Let a — a± . . . a m . It simplifies the argument, and causes no loss of generality, 
to assume that m > 3 is odd. For every I £ N let us consider the map ipuj : [0, 1] — > 
[0,1] given by 

, / \ rn ; , i Pm(a)(l + x) + p m -x(a) 



q m (a)(l + x) + q m -i(a) 
Then 

(16) i>s,i([0, 1]) = [[0;oi,O2, ■ ■ -,a m ,l], [0;ai,a 2 , ...,a m ,l + l]] 

and for every x £ [0, 1] we have 

^' 1{X) = (q m (a)(l + x) + q m -i(a)) 2 ~ (q m (a)(l + 1) + q m -i{a)) 2 = '' ^ 



14 



K. FR4CZEK AND C. ULCIGRAI 



and 

^a,l{x) < j—t- j—^ < 1/4. 

(q m (a)l + q m -i{a)y 
For every u G N let B u = b{l, . . . , u} + c. Then 

£{a) D £ u (a) = f] [J lka, ni ° i>a,n 2 0...0 %l>a,n k [0, 1]. 

fc>i (ni,...,n fc )e(fl„)* 

Let 

E u := [[0;ai,a 2 ,...,a m ,l],[0;ai,a 2 ,...,a m ,u + l]]. 

In view of (|16|). ipa,i{E u ) C -E^ for every Z G .B u and the intervals ipa.i{E u ), I G S„ 
are pairwise disjoint. In view of Theorem 9.7 in [2] , if s u > is the unique solution of 
the equation Y%=i ^U+c = !> tnen dim H {£ u {a)) > s u . Since <^% +c = 

we can choose u £ N such that ^ti+c - > 1- Thus s„ > 1/2, and we get 

dimH(£(o)) > dimff(£ u (a)) > s„ > 1/2, 
as desired. □ 

From now on, we will deal with square tiled translation surfaces M (z) for which 
z = (r/2q,s/2q) G Tq with r, s,q G Z, |r|, |s| < g, s is non-zero and coprime with g. 

Lemma 5.3. Suppose that at least one number s or r is odd. Let a, b be natural 
numbers such that 

(17) < a, b < 2q and r + as = —q mod 2q, bs + s — q = r mod 2q. 
Then setting 

g z := {h+) 2q+b ■ h~ ■ h+ ■ (h-) 2q+a+b ■ h+ ■ h- ■ {h+f G SL+{2,Z) 

we have 

g z ■ M{z) = M{z) and (g z )*(z) = id. 

Proof. Without loss of generality we can assume that s > 0. If s < then dealing 
with the point — z = (—r/2q ) —s/2q) G Tg we have g- z ■ M(—z) = M(—z) and 
(.9-z)*(~ z ) — id. As z G E, in view of ([9]), we obtain g_ z • M(z) = M(z) and 
(g-z)*{z) = id. which is our claim. 
Next note that, by ©, 

g, = (#-g,-6- 1 )-g„ where g z = (h-) 2 « +b ■ h+ ■ h~ -{h+f. 

This symmetry of g z combined with the fundamental Lemma 13.31 is the heart of the 
proof. Indeed, using Lemma 13.31 we will prove that 

(18) g z ■ M(z) = M{$z), (g z )*(z) = {h~f ■ c^ 1 • {h+f 
for some integer a, b. In view of (fT51) . ([5]) and (JSJ), it follows that 

{d-g z ■■&- 1 )M($z) = M(z), 

(19) 

(0 ■ g z ■ iT 1 )*^) = ■ (h-) b ■ uj- 1 ■ {h+ f ■ iT 1 = (h+) b ■ u ■ {h-f. 
Combining ([3]) with (fT8| and (fl"9)) and using again (O, we have 
((ti-g z -$- 1 )-g z )-M(z)=M(z), 

(0? • g z ■ d- 1 ) ■ g 2 )» = {h+f ■ lo ■ {h-f ■ {h-f ■ lo- 1 ■ {h+f 

= {h+f ■ uj ■ {h- f+ b ■ Lu- 1 ■ {h+f = {h+f ■ {h+)- (d +V . {h+f = id, 
which is our claim. 
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It remains to prove (|18p . Since s and q are coprime and s or r are odd, there 
exist a, b, a', d'gZ with 

(20) < a, o < 2g and r + as = 2qa! - g, 6s + s - g = 2qb' + r. 
Thus, 

(/i+) a (r/2g, s/2q) = ((r + as)/2g, s/2g) = (a' - 1/2, s/2g), 
(h-) 2 "(s/2q, r/2q) = (s/2q, (r + 2qs)/2q) = (s/2q, r/2q + s), 
(h-)»( S /2q, s/2q - 1/2) = (s/2q, (bs + s - q)/2q) = (s/2q, r/2q + b'). 
Hence, in view also of Lemma 13.31 there exist k,l,m G Z such that 

(21) (h + ) a M(z) = M(-l/2,s/2q), (h+)l(z) = (h + ) m , 

(22) (h-fni(dz) = M(#z), (h-)l q ($z) = (h-)\ 

(23) {h-) b M(s/2q,s/2q- 1/2) = M(0z), (h~)l{s/2q, s/2q - 1/2) = (h~) 1 . 

As < s < q, we have (-l/2,s/2g) E S and (-1/2, s/2q-l/2) £ S. By Lemma 1531 
and (0), it follows that 

<*-).(-i.i)-»-. 

Using consequently (HU), ((Ml), (E3, (E3), (E2) and ©, we have 

& • M{z) = {{h-) 2q ■ (h-) b ■ h+ ■ hT ■ (h+) a ) ■ M(z) = M{$z) 

and 

(&).(*) = «/o 29 • (h-) b -h+-h-- (h+ruz) 

= (h-) k ■ (h-y ■ (h+y 1 ■ h~ ■ (h+y n = (h-) k+l - 1 ■ u- 1 ■ (h+y n . 

This yields (TT5)) . and the proof is complete. □ 

Remark 5.4. Note that if r = then (|2"0)) holds for a = q and b = q — 1. 

Lemma 5.5. Suppose that r and s are both even. Let a,b be natural numbers such 
that 

(26) < a, b < g, &=|s|, and as + r = — 1 mod g. 
Then setting 

g z := {h+) 2q+a • (ft-) 6-1 • (/i+) b+1 • (/0 29+2a ■ (/1+) 6 " 1 • (/O b+1 ' (^ + ) a 
we /iave 

g z -M(z) = M(z) and (g z )*(z) = id. 

Proof. Without loss of generality we can assume that s > 0, otherwise we can use 
again to pass to the positive case. 

The general strategy is much the same as for the proof of Lemma 15.31 Indeed, 
note that 

S« = (0-&-O-&> where 9* = (h-) 2q+a ■ (h+) b - 1 ■ (h-) b+1 ■ (h + ) a 
and we only need to show 

(27) g z ■ M{z) = M(-0z), &).(*) = {h'f ■ c^ 1 • (h + f 
for some integer a, b. Indeed, applying (jSJ) together with ([5]) we have 

(0 • g z ■ e-^Mtfz) = M(-z), ($-g z - tf" 1 )*^) = (h+f ■ u ■ (h-f. 
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Since $z, ~z 6 E, in view of ©, it follows that 

(28) (<&-g z -$- 1 )M(-#z)=M(z), (6 -g, ■ V^U-tiz) = (h+f ■ lu ■ {h~)' a . 
Combining (|3j) with (|27)l and ([28)) . and using again ([6]), we have 

((■d-g z -#- 1 )-g z )-M(z)=M(z), 

((<? • g z ■ V- 1 ) ■ = (h+) b ■ u ■ (h-f ■ (hrf ■ u- 1 ■ (h+f = id, 

which is our claim. 

It remains to prove (|27p . As s is even and coprime with q, q is odd. Since r + 1 
is also odd, there exist integers a, a' with 

(29) a' is odd , < a < q and as + r = a'q — 1, 
and set b := s. Since 

(h+) a (r/2q, s/2q) = ((r + as)/2q, s/2q) = (-l/2q + a' /2, s/2q), 
(h-) 2 «(-s/2q, -r/2q) = (s/2q, -r/2q - s), 
(h-) a (-s/2q, 1/2 - l/2q) = (s/2q, (q - 1 - as)/2q) = (-s/2q, (1 - a')/2 - r/2q), 
by Lemma \'S. 3 1 and (|2"9"|) . there exists k, l,m G Z such that 

(30) {h+YM{z) = M (1/2 - l/2«, s/2 g ), (h+)l(z) = (h + ) m 

(31) (/i~) 2,? M(-^z) = M(-<&z), (h-)l q (-tfz) = (h-) k 

^ - ±,\ - ^) = m ( -*o, (/»-):(- ^ - 4) = (*-)'■ 

One can verify that, for i, j £ Z with < i < j < q, one has 

Ci_ I _ ^ = + A m0 d 1,- -— modO 
v ; V2g' 2 2<?/ V2<j 2 2g 2 2g I 

for i even, 



l 1_ 

2q > 2 2q 

^-|'5-^)' for* odd. 



If in addition i < j, one can also check that 



2q ' 2 2qJ ' \ 2q 2 ' 2 2<j 
Thus, by Lemma 13.31 we have 

j * j {2q>2 2q))~\ h+ for * odd 

Since 1 < b = s < q and s is even by assumption, it follows by induction that 

V ' V2o' 2 2?i V ' 2 2a/' 



(33) 



(34) 



.2g 2 2q) V 2 2?> 

V ; V2 2g'2 2q/ V 2q'2 2g 



V ; * V2 2<7'2 2q) V 



Thus, recalling (O and applying @ to we have 

< 35 > »-M5-^5)-M5-5-°)- <*-»(5-5?5)-" 
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In view of Lemma 13.31 we have also 



Thus, using consequently §U§, ([3"5). (|3"2"j) and dHU), we have 

®,) ■ M(z) = ((/0 2?+a • (/i + ) 6 " 1 • ft" • (h-) b ■ (h + ) a ) ■ M{z) = M{-§z) 

and using the same series of equations together with ([5]) we also have 
(gMz) = ((h-) 2 « +a ■ (h+f- 1 ■ h- ■ (h-) b ■ (h+rUz) 

= (h-) k+l ■ (h+y 1 -hr -id- (h+) m = (h-) k+l - x ■ uj- 1 ■ (h+y n . 

This yields (|2"T)) and completes the proof. □ 

Notation. Let z — (r/2q, s/2q) € T§, where r, s, q are integer numbers with |r|, \s\ < 
q and such that s ^ is coprime with q. Suppose that 

(2q + b, 1, 1, 2q+ a + b, 1, 1, a) if s or r is odd 

(2q + a, b — 1, b + 1, 2q + 2a, b — 1,6+1, a) ifs and r are even, 



(37) B{z): 

where a, b are the natural numbers satisfying (|17[) or (|26[) respectively. 



The following result is a more general version of Theorem 15.11 

Theorem 5.6. Suppose that z — (r /2q, s/2q) £ Tq, where r,s,q are integer num- 
bers with \r\, \s\ < q. Additionally, assume that s =/= is coprime with q. For every 
sequence of natural numbers {nk)^ =1 in 2qN if 

a = [0; B(z), ni,B(z), n 2 , . . . , B(z),n k , . . .] 

then the directional flow along the vector (l,a) on the TL-cover M(z)g given by j3 
is ergodic. Moreover, the Hausdorff dimension of the set of such ergodic directions 
is greater than 1/2. 

Moreover, if r — then ergodicity holds also for each sequence of natural numbers 
(n k )f =1 - 



Proof. By Lemma [ 

(38) (h~) n ■ M(z) = M(z) and (3 = [3 

for every n G 2qN. Moreover, if r = then (|38p is valid for every natural n. In 
view of Lemmas 15.31 and 15.51 it follows that 

(g z ■ (h-) n ) ■ M(z) = M(z) and (g z ■ (/i") n )*(z) /3 = f3. 

Setting a = [0, ai, a-i, 03, . . .], it follows that 

{{h+) ai ■ ■ ■ (/O^T 1 ' M(z) = M(z) 
((h+) ai ---(h-) a ^)- 1 (z)0 = (3. 
for every natural k. Moreover, 

2q 2 



a 8k +i > 2q> 



2-2- ' 



In view of Theorem 13.11 this gives the ergodicity of the directional flow in the 
direction of (1, a) on M(z) /3 . The lower bound on the Hausdorff dimension of the 
set of ergodic directions then follows directly from Proposition 15.21 □ 
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